A general reduced dimensionality finite field nuclear relaxation method for calculating vibrational nonlinear optical properties of molecules with large contributions due to anharmonic motions is introduced. In an initial application to the umbrella ͑inversion͒ motion of NH 3 it is found that difficulties associated with a conventional single well treatment are overcome and that the particular definition of the inversion coordinate is not important. Future applications are described.
I. INTRODUCTION
Nonlinear optical 1 processes play an important role in scientific and technological fields such as materials science, communications, and medicine. 2 At the molecular level both the electronic and nuclear degrees of freedom can interact with an electromagnetic light wave and, as a result, nonlinear optical ͑NLO͒ properties contain both electronic and vibrational contributions. [3] [4] [5] [6] Surprisingly, for many NLO processes the vibrational contribution is often comparable in magnitude, or even larger, than that due to electronic motions.
A successful method for evaluating the vibrational contribution to NLO properties was formulated about two decades ago by Bishop and Kirtman using a perturbation theory ͑BK-PT͒ approach. [7] [8] [9] Much more recently a variational method based on analytical response theory, applied initially to linear polarizabilities, was proposed by Christiansen et al. 10, 11 In either case, for large molecules or very accurate ab initio treatments, both methods are limited in applicability by the major computational effort needed to calculate the potential energy and electrical property surfaces for many nuclear degrees of freedom. This problem can be ameliorated by utilizing the finite field-nuclear relaxation ͑FF-NR͒ approach [12] [13] [14] [15] [16] which relies on determining the relaxation of the equilibrium molecular geometry induced by a static electric field. 17 Indeed, if the leading terms of BK-PT are sufficient, then the FF-NR procedure requires only the electronic ͑hyper͒polarizabilities at the field-free and relaxed geometries. 14 In principle, the remainder of the vibrational contribution is determined by the zero-point vibrational average ͑ZPVA͒ of the ͑hyper͒polarizabilities at field-dependent optimized geometries. 15 To that end it is necessary to obtain vibrational wave functions associated with anharmonic potential energy surfaces ͑PESs͒. For molecules containing large amplitude anharmonic motions, the vibrational wave functions must be obtained by variational ͑or related͒ methods since perturbation theory treatments, such as BK-PT, may converge poorly or not at all. [18] [19] [20] Even within a variational treatment, a simple power series expansion of the PES in normal coordinates will not suffice when the anharmonicity is large. 21 Thus, an accurate numerical description of the potential energy surface is also required, which makes the calculations feasible only for small molecules.
Typically, we expect that only a limited number of internal coordinates will play a significant role in determining vibrational NLO properties, especially when these properties are large. 19, [21] [22] [23] [24] One particular example is the case of a molecule with one or a few motions governed by a potential with multiple minima separated by low barriers. Then, one may consider calculating the NLO properties by separating off these motions from all others, and treating the remainder in a simpler fashion. The dimensionality of the vibrational problem for the large amplitude modes will be the same as one would encounter in treating a relatively small molecule. Recently, Santiago et al. 4 presented a first treatment of vibrational NLO properties along these general lines based on BK-PT ͑Refs. 7-9͒ and directed specifically at the torsional motion in hydrogen peroxide. Several approximations were utilized including some for that particular case. In this paper we take a somewhat different approach aimed ultimately at treating both large and small molecules. Our method takes advantage of recent developments that combine FF-NR methodology with variational calculation of field-dependent ZPVA energies and ͑hyper͒polarizabilities. 21, 25 The eventual goal is a practical treatment of vibrational NLO properties that can be applied routinely, and with reliable accuracy, to molecules that may contain several vibrational modes associated with large anharmonic effects. For large molecules the presence of such modes could, in a perverse way, be advan-tageous since they will tend to be strongly dominant. Of course, one challenge that will ultimately have to be met is to define a procedure for identifying the set of ͑potentially͒ key modes beforehand.
The situation considered here is that of a molecule with a single large amplitude anharmonic mode. For illustrative purposes we present our FF-NR method in terms of the double well potential of ammonia which has two equivalent minima. The quasiegeneracy of the two lowest vibrational states is taken into account using an approach based on generalized Van Vleck perturbation theory ͑GVV-PT͒. [26] [27] [28] [29] Coupling to the remaining "spectator" coordinates is eliminated in lowest order by means of nuclear relaxation and ignored in higher order. Thus, our approach completely reduces the calculation of vibrational nonlinear optical properties to an effective one-dimensional ͑1D͒ problem. Although NH 3 may be considered a simple case it does allow us to perform initial tests of the general strategy and to compare with recent work based on an expansion of the potential about one of the minima. 21 In Sec. II we set out the FF-NR methodology for treating a large amplitude anharmonic vibration, in particular, for a double potential well with two equivalent minima. Then, in Sec. III we provide illustrative calculations for the inversion mode of NH 3 , including alternative definitions of this mode, and compare our results to those obtained previously for the single well treatment. Finally, in Sec. IV we summarize our conclusions and discuss plans for future developments.
II. THEORY

A. General FF-NR approach
In the FF-NR approach the vibrational ͑hyper͒polariz-ability is the sum of a nuclear relaxation term ͑P nr ͒ and a curvature contribution ͑P c ͒. P nr and P c in turn, arise from the change in the electronic ͑P e ͒ and the ZPVA ͑hyper͒polariz-ability ͑P zpva ͒ caused by field-induced nuclear relaxation. Finally, P c is the sum of P ZPVA and all remaining vibrational terms beyond P nr which are denoted as P c-ZPVA . [12] [13] [14] [15] [16] The FF-NR approach yields the static P nr , P ZPVA , and P c-ZPVA , as well as P nr and P c-ZPVA for the dynamic Pockels effect, ␤͑− ; ,0͒, Kerr effect, ␥͑− ; ,0,0͒, electric fieldinduced harmonic generation, ␥͑−2 ; , ,0͒, and degenerate four-wave mixing ␥͑− ; ,− , ͒. 16 The latter is also known as the intensity-dependent refractive index. Static vibrational ͑hyper͒polarizabilities are obtained by simple numerical differentiation of the electronic and ZPVA energy ͑or dipole moment͒ with respect to the static electric field taking into account the nuclear relaxation. Similarly, the dynamic vibrational NLO properties are obtained by numerical differentiation of the electronic and ZPVA polarizability and first hyperpolarizability. For the dynamic hyperpolarizabilities we use the infinite optical frequency approximation, which is highly accurate at normal laser optical frequencies. 23, 30, 31 
B. Inversion coordinate
As pointed out in Sec. I, the application of our finite field approach for NH 3 requires calculation of the effective 1D double minimum well potential for inversion. The inversion coordinate must be selected in such a way that it is able to describe the entire range of motion without discontinuities. We chose to investigate two such coordinates for comparison purposes. The first of these, , was previously used by Handy et al. 32 It is given in terms of the three angles 1 , 2 , and 3 defined by the N-H bonds and the trisector axis. The latter is defined in such a way that the three angles are equal. Then the expression of is given by
The second coordinate, z, is the displacement between the plane defined by the three hydrogens and the N atom. 33 This displacement may be either positive or negative.
C. Effective 1D potential energy function and kinetic energy operator
The 1D potential energy function, V͑q inv ͒, was obtained as the electronic energy at a fixed value of the inversion coordinate, q inv , with the geometry otherwise optimized. This eliminates all linear terms in the remaining vibrational degrees which means that the first-order coupling between the inversion coordinate and the remaining spectator coordinates is included in the effective 1D potential.
The next step is to express the kinetic energy operator, T , in terms of q inv and derivatives with respect to q inv . For molecules with more than five atoms the analytical expression for the kinetic energy operator can be very complex. In order to have a general method that can be easily applied to any molecule we decided to evaluate T numerically. Two different programs were investigated for this purpose, KICO (Refs. 34 and 35) and TNUM. 36, 37 Both programs require only the Cartesian coordinates of the atoms for any of the usual internal coordinates. However, TNUM readily allows for the definition of linear combinations of internal coordinates as well. As this is a necessary requisite for inversion coordinate , TNUM was adopted for this project.
The formal expression for the kinetic energy operator of an N atom molecule as a function of the 3N generalized coordinates q i ͑i =1, ... ,3N͒ can be easily derived as 36, 37 T
where
with
In Eqs. ͑6͒ and ͑7͒ the quantities x ͑ =1, ... ,3N͒ are the molecule-fixed mass-weighted Cartesian coordinates. Evaluation of the first two terms in Eq. ͑2͒ requires only the calculation of the G matrix, the determinant of the Jacobian, and their derivatives. The third term of Eq. ͑2͒ is a pseudopotential 37 which arises from the volume element used in normalizing the wave function. 38 In this paper we have used the Wilson normalization, 38, 39 which has the advantage that the volume element is simply expressed as
For each value of q, TNUM computes f 2 ij ͑q͒, f 1 i ͑q͒, and v͑q͒.
Then T ͑q͒ is obtained immediately from Eq. ͑2͒. Another important advantage of using TNUM is that the same formulation of the kinetic energy operator is valid for reduced dimensionality models if the G͑q͒ matrix is replaced by the corresponding reduced dimensionality G red ͑q͒, which is calculated using a procedure 37 equivalent to the one originally proposed by Wilson et al. 39 The coordinates not included in the reduced dimensionality model can be frozen or considered as a function of the active coordinates, 36, 37, [40] [41] [42] [43] which was done here. The reduced dimensionality kinetic operator calculated in this manner is exact. Finally, our results for f 2 ͑q inv ͒, f 1 ͑q inv ͒, and f 3 ͑q inv ͒ = V͑q inv ͒ + v͑q inv ͒, obtained for different values of q inv , are fit to a polynomial of the nth degree,
The value of n was increased until the desired convergence of the field-dependent vibrational energies was achieved.
This entire procedure was repeated for each value of the electric field which then yields the field-dependent 1D effective inversion Hamiltonian
We note that when the electric field is present this operator is no longer symmetric in q inv and terms that give rise to nuclear relaxation are included.
D. Evaluation of vibrational "hyper…polarizabilities
for a double minimum well potential using a two-state reference space
As observed in Sec. II A the practical calculation of vibrational NLO properties using the FF-NR method requires differentiation of ZPVA ͑hyper͒polarizabilies and energies ͑for static properties͒ with respect to a finite ͑static͒ field. In the absence of tunneling the field-free vibrational ground state will be doubly degenerate corresponding to motion along the inversion coordinate in each of the two potential wells. These states will be split by tunneling into a quasidegenerate symmetric and antisymmetric pair. In order to analyze the perturbing effect of a static electric field we utilize a procedure based on generalized Van Vleck quasidegenerate perturbation theory. [26] [27] [28] [29] The model ͑or reference͒ space consists of the ground state symmetric and antisymmetric inversion doublet + and − . By applying GVV-PT one reduces the coupling between the model space and all remaining vibrational states to higher order. We assume, as usual, that the higher-order coupling terms can be neglected and also that the resulting Hamiltonian matrix elements for the model space can be written as a power series in the field. Due to inversion symmetry that matrix will have the general form ͑through fourth order in the field͒,
where + ͑−͒ indicates the symmetric ͑antisymmetric͒ reference state and F z is an electric field along the threefold symmetry axis ͑z͒. The final step in GVV-PT is to diagonalize Ĥ ͑F z ͒ to obtain the vibrational field-dependent energies corresponding to the ground state inversion doublet. If the + and − states are nondegenerate due to tunneling, then the usual formula for the eigenvalues will contain a term that involves the square root of a power series in the field. Consequently, the eigenvalues will not be expandable in such a series except under one of the following two conditions. That is to say, either
2 is negligible in magnitude compared to ͑2 z Ϯ F͒ 2 or vice versa. For NH 3 the splitting of the ground state due to inversion is quite small, which means that the former condition will be satisfied if the electric field is not too weak. In Sec. III we show that the strong electric field condition is clearly fulfilled by the field strengths used in our finite field calculations. Indeed, the minimum field strength was determined by increasing the value used in a power series fit of the dipole moment and ͑hyper͒polarizabilities until these properties no longer vary significantly.
We emphasize that the use of GVV-PT in the preceding paragraphs is solely to derive the finite field equations ͓Eqs. ͑14͒-͑17͒ below͔ from which the vibrational dipole moment and ͑hyper͒polarizabilities are obtained. In actual calculations we obtain the lowest pair of field-dependent energies directly through exact numerical solution of the fielddependent Schrodinger equation ͑see Sec. II E͒. The resulting field-dependent vibrational energies automatically contain the effect of coupling between the model space and all remaining vibrational states. Thus, tunneling is completely taken into account. Nevertheless, as in the case of GVV-PT, the utilization of a power series expansion in the field is valid only for the regime where inversion splitting is negligible compared to the first-order ͑plus third-order͒ off-diagonal terms in the field.
If the condition for a power series expansion in F z is met, then the eigenvalues of the Hamiltonian matrix in Eq. ͑11͒ are given by
Clearly, it is sufficient to utilize only positive fields to determine E͑0͒, z , ␣ zz , etc. Based on the convention that z is positive E 0 ͑F͒ will then always correspond to the lower energy state. From Eqs. ͑12͒ and ͑13͒ the diagonal z component of the static dipole moment and ͑hyper͒polarizabilities can be obtained using the numerical differentiation formulas,
͑17͒
Since the above expressions give the derivatives of the total 1D field-dependent electronic energy averaged over the 1D field-dependent vibrational wave functions, they include all electronic and vibrational contributions within the 1D ͑re-duced dimensionality͒ approximation. This treatment corresponds essentially to combining the Bishop-Hasan-Kirtman ͑BHK͒ ͑Ref. 12͒ and Kirtman-Luis-Bishop ͑KLB͒ ͑Ref. 15͒ FF-NR procedures into a single step. In those papers the static properties were obtained from the dipole moment, but the same procedure has since been employed using the energy instead. 25 The total property value may be written as the sum of four terms: P = P e + P nr + P ZPVA + P c-ZPVA . Since the first three of these are readily obtained separately ͑P nr by the standard FF-NR method [12] [13] [14] and P ZPVA as in Sec. II E͒ we can use the total P to determine P c-ZPVA . In order to crosscheck our results, the static ͑hyper͒polarizabilities were also calculated from the corresponding numerical differentiation formulas for the dipole moment.
By proceeding in the same vein, dynamic hyperpolarizabilities can be determined from calculations of the fielddependent ͑static͒ polarizability and first hyperpolarizability averaged over the field-dependent vibrational wave functions. Numerical differentiation, cf. Eqs. ͑14͒ and ͑15͒, then yields the following combined BHK and KLB expressions: 
␥ zzzz e ͑0;0,0,0͒ + ␥ zzzz ZPVA ͑0;0,0,0͒ + ␥ zzzz nr ͑− ;,0,0͒ →ϱ + ␥ zzzz c-ZPVA ͑− ;,0,0͒ →ϱ
␥ zzzz e ͑0;0,0,0͒ + ␥ zzzz ZPVA ͑0;0,0,0͒ + ␥ zzzz nr ͑− 2;,,0͒ →ϱ + ␥ zzzz c-ZPVA ͑− 2;,,0͒ →ϱ
where ␣ zz,0 ͑F z ͒ and ␣ zz,1 ͑F z ͒ ͑␤ zzz,0 ͑F z ͒ and ␤ zzz,1 ͑F z ͒͒ are the field-dependent static polarizabilities ͑first hyperpolarizability͒. We determine ␤ zzz nr ͑− ; ,0͒ →ϱ , ␥ zzzz nr ͑− ; ,0,0͒ →ϱ , and ␥ zzzz nr ͑−2 ; , ,0͒ →ϱ by means of the standard FF-NR method and, then, the corresponding c-ZPVA ͑hyper͒polariz-abilities are obtained by subtracting these terms, along with the static electronic and ZPVA contributions, from the total values given by Eqs. ͑18͒-͑20͒.
E. Solution of the 1D field-dependent vibrational Schrödinger equation
In order to obtain the field-dependent energies required by our finite field method we have to solve the fielddependent 1D vibrational Schrödinger equation for the ground and first exited states at each value of F z ,
Solutions were obtained by means of the so-called shooting method. 44 The procedure involves writing the second-order ordinary differential equation as a coupled pair of first-order differential equations. In our case the wave function must vanish at large negative and positive values of the inversion coordinate. 32, 33 In the shooting method this two point boundary value problem is converted to an initial value problem. Thus, the values of the vibrational wave function and its first derivative ͑with respect to the inversion coordinate͒ at the starting point are chosen to fulfill the boundary conditions at that point ͑i.e., both quantities are set equal zero͒. Then, the ordinary differential equations are integrated numerically using the Runge-Kutta method. In the first try the final point will normally not fulfill the boundary condition. So the integration is repeated, using a globally convergent Newton's method to adjust values of the vibrational energy, until the final point satisfies the boundary condition as well. In the shooting method the initial guess for the energy determines which state is obtained. In each case we verified that the desired inversion doublet was obtained. Although not necessary, a final check on the orthogonality of the two states was also carried out.
The ZPVA contributions to the dipole moment and ͑hy-per͒polarizabilities were computed numerically as expectation values using the field-dependent vibrational wave functions for the inversion doublet, and the appropriate property expression as a function of q inv . These property expressions were obtained in the same fashion as the PES by fitting to a polynomial as in Eq. ͑9͒. As a check we compared the fieldfree dipole moment obtained in this manner with the dipole moment obtained from Eq. ͑14͒ to make sure that the two agree.
III. ILLUSTRATIVE EXAMPLE: NH 3
In order to perform a proper comparison with our previous single well treatment 21 we compute the vibrational ͑hy-per͒polarizabilities of NH 3 using the same level of electronic structure calculations as before. Thus, the effective 1D potential energy function was computed using the GAUSSIAN03 suite of programs 45 at the MP2 level with the POL basis set developed by Sadlej 46 for determination of polarizabilities. Subsequent tests on a number of molecules have confirmed that this basis does, indeed, give satisfactory results for electric field polarization properties. [47] [48] [49] [50] [51] Our first step was to check that MP2/POL is also adequate to describe the vibrational energy levels for the umbrella motion of ammonia. In Table I we compare experimental values 52 for the first seven excited states with our theoretical results calculated at the MP2/POL, 46 CCSD/aug-cc-pvTZ, 53, 54 and CCSD͑T͒/aug-ccpvTZ levels. For MP2/POL both the ͑Ref. 32͒ and the z inversion coordinate 33 were utilized whereas, for CCSD/augcc-pvTZ and CCSD͑T͒/aug-cc-pvTZ, we used only . In Table II we present the inversion splittings for the same set of states.
Both MP2 / POL/ and MP2 / POL/ z reproduce the general trends of the experimental spectra. While the former is clearly better for the energy levels, the latter is more accurate for the splittings. The mean absolute deviation ͑MAD͒ and maximum absolute deviation ͑MAXAD͒ obtained for the energy levels with MP2 / POL/ turns out to be better than the 1D CCSD͑T͒/aug-cc-pvTZ values obtained by Pesonen et al. 55 Although the deviations are significantly larger for the MP2 / POL/ z energy levels, which are more important than inversion splittings for vibrational ͑hyper͒polarizabilities, we obtain the MP2/POL properties for z as well as in order to see how sensitive the results are to the choice of coordinate. Of course, the MAD can be reduced by increasing the dimensionality to two dimensional 55 and six dimensional [56] [57] [58] Indeed, our third goal is to see the effect of reducing the dimensionality.
In Tables III-V we present the electronic and vibrational contributions to the dipole moment, and to the diagonal component of the ͑hyper͒polarizabilities, along the C 3 symmetry axis of ammonia. The static electric fields used in the finite field calculations are Ϯ0.0004, Ϯ0.0008, Ϯ0.0016, Ϯ0.0032, Ϯ0.0064, and Ϯ0.0128 a.u. For the smallest field of magnitude 0.0004 a.u. the ratio
2 is equal to 1.2ϫ 10 −5 . Thus, the strong electric field condition is fulfilled in all cases. The most accurate derivatives were selected from the Romberg method triangle 59 leading to the results in Tables III-V. Our current calculations confirm two results established in our previous work. 21 One is that the vibrations often play an essential role in determining the NLO properties of ammonia. For example, in the case of the static first hyperpolarizability ͑see Table IV͒ the vibrational contribution ͑␤ nr + ␤ ZPVA + ␤ c-ZPVA ͒ is about 7.5 times larger than the electronic contribution ͑␤ e ͒. The other is that the inversion mode strongly dominates the vibrational contribution. Indeed, it is very close to the fourth-order value ͑see further below͒ obtained for the complete set of 3N-6 normal modes when the vibrational contribution is most important, as for the first and second static hyperpolarizabilities.
Our previous calculations utilized various Taylor series expansions of the PES and of the electronic properties ͑ e , ␣ e , etc.͒ as a function of the normal coordinates ͑Q͒ defined in terms of displacements from one of the two minima. 21, 60, 11 For a given representation of the PES, low-order expansions of the electronic properties led to converged vibrational NLO properties. However, the same was not true the other way around, i.e., for a given representation of the electronic prop- erties, low-order expansions of the PES did not lead to converged vibrational NLO properties. In particular, there was a big jump in the vibrational static first and second hyperpolarizability upon going from a quartic to a sextic expansion for the PES. Thus, we previously concluded that the PES should not be expanded as a power series in terms of the normal coordinate associated with a single potential well. 21 The procedure used in this paper solves this convergence problem. A comparison between the results shown in the second and third columns of Tables III-V with the data presented in the last two columns confirms that the sixth-order expansion is seriously flawed. It also suggests that the quartic expansion is satisfactory in this case. The data presented in the second and third columns of Tables III-V show how the choice of inversion coordinate affects the static P ZPVA and P c-ZPVA vibrational terms. It turns out that the sensitivity is low with maximum differences of about 7% in P c-ZPVA ͑the absolute magnitudes of the ZPVA differences are too small to be noteworthy͒. This good agreement suggests that the precise definition of the coordinates used to describe the anharmonic vibrations in reduced dimensionality calculations may not be a critical issue. Of course, further studies of this point are necessary in order to derive a definitive conclusion.
We did investigate the origin of the difference between the and z NLO properties by combining the 1D effective potential for the coordinate with all subsequent vibrational NLO calculations done using the z coordinate. The results for these "mixed" calculations turned out to be very close to the "pure" values obtained using the z coordinate for the entire treatment. For instance the mixed first and second static c-ZPVA hyperpolarizabilities were Ϫ120.6 and 26 441 a.u., respectively, compared to the corresponding pure values of Ϫ119.6 and 26 430 a.u. Thus, the vibrational NLO differences between the and z coordinates is determined primarily by the kinetic energy rather than the potential energy.
Our new treatment fully incorporates the effect of tunneling which, however, is insignificant for ammonia. This can be seen from the fact that ͑i͒ a field as small as 0.0004 a.u. is well into the strong field regime and ͑ii͒ the difference between the ͑+͒ and ͑Ϫ͒ properties in Eq. ͑11͒ is entirely negligible. Of course, the situation will depend in general upon the barrier height and the temperature, which has not been considered here.
The lowering of the energy barrier will also radically increase the problems of the one minima approach to describe the inversion anharmonicity. Indeed as we have discussed above, the large differences between quartic and sextic one minimum Taylor expansion indicate that already for NH 3 the one-well model may not be reliable. 
IV. SUMARY AND FUTURE OUTLOOK
We have taken the first steps toward a general reduced dimensionality treatment of vibrational NLO for molecules where the primary contributions arise from a limited number of nuclear motions, some or all of which may exhibit large anharmonic effects. Our treatment is based on a FF-NR approach wherein the key motions are decoupled from all other vibrations in first order. In this paper the focus is on large amplitude anharmonic vibrations. The umbrella motion in ammonia is used as an example and the quasidegeneracy of the ground vibrational state is explicitly taken into account. Vibrational wave functions for the inversion motion, which are required for the FF-NR treatment, are obtained by numerical solution of the 1D Schrodinger equations including a proper expression for the kinetic energy operator. We find that our method overcomes convergence problems associated with a conventional single well treatment. The calculations confirm that it is essential to consider the vibrational contribution to NLO properties in NH 3 and that the umbrella mode is dominant in this regard. It turns out that the particular definition of the inversion coordinate is not very important. In addition, for NH 3 the effect of tunneling is insignificant.
There is much more to be done in order to further develop and validate the methodology presented here. We want to examine other anharmonic potentials and cases where there is more than one key anharmonic mode. The dimers of hydrogen fluoride and water might be especially interesting in this connection since it is known that BK-PT is nonconvergent for these species.
61,62 One of our major goals is to apply this treatment to endohedral and other fullerenes, 3 which we expect will have large NLO properties arising from large amplitude anharmonic vibrations. 
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